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Abstract. Flux-profile relationships in the constant flux layer are reviewed. The preferred relationships are found to be those of Dyer and Hicks (1970), namely, q& = QW= (1 - 16(z/L))-I”,
&=(l
- 16(~/L))-“~ for the unstable region, and & = & = +,,, = 1 + 5(z/L) for the stable region.
The carefully determined results of Businger et al. (1971) remain a difficulty which calls for considerable clarification.

1. Introduction

The long-standing interest in flux-profile relationships stems from two main sources.
Firstly, the recognition that a knowledge of the eddy fluxes of heat, water vapour and
momentum close to the surface is essential to a proper understanding of the workings of the atmosphere, and secondly, the important need in numerical simulation to
have a means of estimating these fluxes from explicit parameters occurring in the
model. The second of theseis still not satisfactorily resolved since the relatively coarse
grids of atmospheric modelling have had the effect of shifting the emphasis from a
constant flux layer description to a boundary-layer description.
There was, also, in the early days of the subject, the purely pragmatic aspect that
whilst wind profiles could be obtained easily, temperature profiles fairly readily, and
humidity profiles with some difficulty, there was no means at all (with the exception
of early Iysimeters and drag plates) of direct measurement of the eddy fluxes.
The situation has now changed considerably. The development of the eddy-correlation technique, to which Swinbank made a notable pioneering contribution, has now
reached a stagewhere the direct measurement of eddy fluxes can be achieved with the
same easeas profiles.
There is still, however, a basic scientific need to understand fully the relationships
between fluxes and profiles. The literature of the last twenty years is liberally scattered
with suggestions, both theoretical and experimental. Whilst the theoretical work has
laid a fairly firm foundation for the interpretation of the experimental material in
dimensionless terms, there is still no fundamental theory capable of predicting the
required relationships. On the experimental side, there is still no universal acceptance
of the observational material.
This paper is written in an attempt to review and comment on the present position.
2. Mathematical

Background

It is now common practice to discussflux-profile relationships in terms of the stability
parameter z/L. Earlier descriptions used the Richardson Number, Ri, in a similar
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fashion. Use was also made of the transfer coefficients KH, K, and KM for heat, water
and momentum, respectively. For the sake of clarity, the following relations are set
down with the usual notation.
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Largely on the basis of a dimensional argument, Monin and Obukhov (1954) established the following flux-profile generalisations :
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The specification of the required flux-profile relationships reduces therefore to a
knowledge of the universal functions &, & and & as a function of z/L.
It follows directly from the foregoing that

and

Thus, once the functions 4M and 4n are known as a function of z/L, the relationship
between Ri and z/L is established. Similarly the variation of KH/KM with stability is
also determined.
It is also necessary,in the most complete formulation, to take due account of the
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buoyancy effect of the water vapour flux. This is usually done by replacing H in the
expression for L by (H+O.O7E), and the potential temperature term %/az in the expression for Ri with the virtual potential temperature gradient (d0,/8z). The relationships between Ri, KH/KM and z/L therefore require the appropriate manipulation of
three equations involving &, C& and & rather than two as set out above. In most
casesit is not necessaryto consider this degree of refinement, though notable exceptions occur when H< E which is not unusual over the oceans. Most readers will be
aware of the implications of the more complete description, which in the interests of
simplicity, will not be used in the following.
It is clear that, in near-neutral conditions, 4M will approach unity asymptotically,
thus yielding the long-established logarithmic wind profile. Following the usual, although not universally accepted assumption, that KH = KM = K, under neutral conditions, & and & will also approach unity asymptotically. It is often assumedon a
not very firm foundation that the asymptotic approach of 4H and C& to unity will be
identical with that for 4M, i.e., that the coefficient c(in the log-linear form C#J
= 1+ c((z/L)
is the same for all three C$functions. There is now strong evidence that this is not so
in unstable conditions.
Some recent evidence, to be discussedlater, argues that KH/KM at neutral stability
is equal to 1.35, in conflict with the more generally accepted situation of equality.
A similarly disturbing suggestion from the same source is that the von Karman
constant k is equal to 0.35 rather than the value of 0.41 generally acceptedpreviously.
These matters will be commented on more fully in the following.
3. Comparison of Flux-Profile

Relationships

A thorough assessmentof all the flux-profile relationships that have appeared in the
literature would be an enormous, if not impossible task, particularly as some of the
experimental observations are of less value than others. The subject is further clouded
by the fact that some of the relationships are expressedin terms of Ri, usually because
direct measurements of the eddy fluxes were not available, so that the dependence
upon z/L must presume an Ri-z/L relationship which can usually not be assessed
from the data.
This difficulty can be illustrated by one example, which is not intended to be overcritical. In describing the KEYPS profile, for unstable stratification, Lumley and
Panofsky (1964) consider that both wind and temperature profiles can be described by
a unified equation
44 - y ; $3 = 1)

where y is a constant. But since heat flux observations were not available, Panofsky
transforms this equation to
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where y’ = yKH/KM. The assumption that y’ is constant implies K,/K, is also constant
(about 1.3), thus apparently verifying the unifying concept of the earlier equation, but
obviously prejudging an important question. Panofsky comments, quite correctly,
that this matter is highly controversial.
In view of these sorts of difficulties in earlier presentations, this author has chosen
to discuss only those of the more recent ones which he believes contain measurements
of sufficient quality to merit consideration. Table I has been constructed on this basis
and the material is presented in graphical form in Figures 1,2 and 3. All of the formulae in Table I are empirical expressions, with the exception of the Swinbank exponential wind profile which is a mathematical statement emerging from a single hypothesis together with acceptanceof the neutral logarithmic wind profile.
Two recent reviews should be read in conjunction with the present paper. Busch
(1973) discussessome of the material used here, and also refers to some other recent
work. Monin and Yaglom (1971) provide a very comprehensive review of the subject,
both theoretical and experimental. One of the intentions of the present paper is to
offer some comments that have not been made previously.
The results of Dyer and Hicks (1970) and Businger et al. (1971) probably represent
the most satisfactory experiments for the unstable casein that eddy fluxes and vertical
profiles were independently determined and then related within the z/L framework.
I

I

I

SWINBANK

(1964)

k = 0 .40

SWINBANK

( 1966)

k = 0.40

-*-.

WEBB

(1970)

-

DYER BHICKS

-m-s

BUSINGER

+tb4
-v

11970)

k=

et 01. (1971)

0.41
k’O.35

I.5

,

I

I
- I.0

I

- I.5

-0.5
z’L

Fig.

1.

&,

plotted

as a function

of

r/L.

5

e-

SWINBANK

(1968)

k= 0.40

-.-.

WE68

(1970)

-

DYER B HICKS

- ” - -

WsfNGER

(1970)

kr 0.41

et of. I19711

k = o-35

i

I.0

I
-1.5

-2.0

I
-0-J

I
-1-o

0.5

%

Fig. 2. 4~ plotted as a function of z/L.
I
-

-

I

I

CRAWFORD ( 1965)

--a-

WEBB

-

DYER 8 HICKS (1970)

(1970)

I
1

I
&I

I
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Swinbank’s (1968) results come close to this in that only the u, values were not determined directly but were obtained from a friction coefficient applied to a low-level
wind. The difficulty here is that the variation of the friction coefficient with stability,
which Swinbank felt could be neglected, depends on the form of the $M curve which
finally emerges. A positive feed-back situation arises in which if the & curve is
presumed to depart fairly slowly from unity with increasing instability as predicted
by the exponential wind profile, the stability variation of the friction coefficient is then
also small, and a small variation of $M finally appears also. The reverse is true if a
large variation is assumed.The only test of the final result is whether or not measurements taken at various heights mesh satisfactorily on a z/L plot. This is not a very
sensitive test, particularly in view of the scatter which inevitably accompanies this
kind of work.
Webb’s (1970) analysis does not include any direct measurement of the eddy fluxes,
and rests entirely on profile analyses. He assumesa log-linear form of profile, and
sets out to determine the constant c1(separated here into LY,and a,), and the stability
range over which the log-linear form is valid. In order to determine CC,,,
he finds it
necessaryto take cl0= a,, based on a later analysis apparently showing that K,/K, is
constant over a wide range of Ri. This is not a serious weaknessin the determination
of GI,,and indeed Webb’s case for the CC,values he finds is admirably argued. The
technique calls for extremely accurate measurementsof wind differences, and there is
always the danger that results which do not reveal a satisfactory plot and are rejected
on the grounds of a presumably instrumental error, may be due to the normal statistical variation of atmospheric behaviour.
Becauseof need for extreme precision, the determination of cl0 by this means in
near-neutral conditions (i.e., Atl=O) is much more difficult, and indeed Webb presents
only a few results for cl0obtained in stable conditions.
In order to extend the stability range of the discussion, Webb examined the variation of KH/KM with stability by the technique of plotting (Au/A~)/(Au/A~),~,, against
Ri where the subscript 0.03 refers to Ri. Unfortunately, this technique must be somewhat insensitive since a double ratio is now being taken. For example, Dyer and
Hicks (1970) point out that their results for 8, and 4H, leading to quite a different
variation of KH/KM with stability, fit Webb’s graph equally well, indicating the inherent insensitivity of the method. Thus while the two versions of 4M are virtually
identical over the stability rangeinvolved, the differencein the &forms are not revealed.
Turning now to a comparison of the Dyer and Hicks (1970) and the Businger et al.
(1971) results, for the unstable situation, it is seen that the variation of the 4M and
C#J~
forms with z/L is remarkably similar. The only difference of any real significance
stems from the different values taken for the von Karman constant. Dyer and Hicks
did not specifically determine this constant, and their results did not permit a traverse
across neutral into the stable region. However, their basic technique was identical to
that of Businger et al. (1971) and extended down to a (-z/L) value of ~0.01. As can
be seenfrom Figure 1, the approach of C#J~
to unity at z/L=0 confirms their choice of
k=0.41.
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Businger et al. (1971) in arriving at their final form of the data, reduced the wind
shears by 10% becauseof alleged overspeeding, and reduced the drag-plate measurements of stressby 33% to provide harmony with the eddy-flux measurementsof stress.
Whilst the authors’ reasons for applying these corrections are cogently argued, it is
difficult to avoid speculating that if these corrections were not necessary, the von
Karman constant would have been found to be 0.39, 4H at neutral would have been
1.OO,and hence KH = KM.
This aspect of the comparison of these most recent results remains the only significant area of controversy but becauseof the magnitude of the difference, a rather important one. Hopefully, it will be resolved by a definitive experiment before very long.
The result that & = (1 - 16 z/L)- “’ for z/L <O as expressed by Dyer and Hicks
(1970) is unmatched by any other data presented. It is however entirely consistent
with the shape-function analysis of Swinbank and Dyer (1967) (see also Dyer, 1967)
which implies &= &. There is also considerable support offered by the elegant
analysis of Crawford (1965) using the dimensionlessE * as a function of Ri. In Figure 3,
Crawford’s plot of E* vs Ri has been transformed assuming that Ri = z/L (for z/L < 0)
and&=(l-16(z/L))‘I4 . There is a minor discrepancy with the log-linear form of
Webb, in that Dyer and Hicks’ result implies c(~= 8, but in view of the limited range
of the log-linear form, this is no serious matter.
On the stable side, the experimental material is rather limited, but apart from the
Businger et al. (1971) result for +H which relates to some of the earlier discussion,
there does not appear to be any major differences of opinion.
4. Concluding Remarks

Overall it could be argued that the most convincing flux-gradient description, and one
which is reasonably consistent with the long-established body of literature on the
subject is that provided by Dyer and Hicks (1970) for the unstable region, namely
& = & = (1 - 16(z/L))-I”,

& = (1 - 16(~/L))-“~,

and
for the stable region.
The carefully determined results of Businger et al. (1971) remain a difficulty which
calls for considerable clarification.
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